A consistent framework is developed for studying hadronic form factors of heavy mesons using QCD sum rules in the heavy quark effective theory, including the-next-to-leading order renormalization group improvement. Sum rules are de- result is compared to experimental data.
Introduction
There is recently intense interest in the hadronic form factors of particles containing a heavy quark. The reason is that, in the limit of infinite quark mass, QCD reveals a spin-flavour symmetry that is not explicit in its Lagrangian [l-6] .
It implies that the spin and mass of a heavy quark decouple from the hadronic dynamics. This symmetry becomes manifest to lowest order of an effective field ;_theory describing the strong interactions of heavy quarks . In this effective theory, Green's functions are expanded in powers of l/m~, with rn~ being the renormalization-group invariant "physical" pole mass of the heavy quark.
The simplest type of a form factor is that describing the current-induced generation of a heavy meson out of the vacuum. Consider, for instance, the coupling of a pseudo scalar meson P = (Q &-with momentum p to the axial vector current VI ~w5Q
The decay constant jp is a measure of the strength of the quark-antiquark attraction inside the bound state. It is, therefore, a hadronic quantity of primary theoretical interest. Governing the strength of leptonic and nonleptonic weak decays of heavy mesons as well as phenomena like B -B mixing, which provide information on the mass of the top quark and on the CKM-matrix, decay constants are also of considerable phenomenological importance. Based on the non-relativistic constituent quark model, it was known for a long time that, up to logarithmic corrections, jp obeys the asymptotic scaling law as mp + oo. In the framework of the heavy quark expansion, such a behaviour can be shown to be a general consequence of &CD. Furthermore, the leading and next&leading logarithmic corrections to (1.2) h ave been calculated and summed to all orders in perturbation theory [4, lo-121 . Th e asymptotic dependence of jp on the I .
mass of the heavy meson is thus well-understood. A study of the mass-dependence of physical decay constants provides, therefore, an estimate of the corrections to the infinite quark mass limit. In the absence of experimental information, considerable attention has been devoted to the theoretical calculation of jp and its dependence on mp. Besides QCD-inspired potential models [13, 14] , the sum rule approach of Shifman, Vainshtein, and Zakharov [15] and lattice gauge theory are the tools that have been most extensively used for this purpose. While there is general agreement In this paper, we develop a consistent framework for studying hadronic form .--factors of heavy mesons by combining QCD sum rule and renormalization group techniques with the effective theory for heavy quarks. The method is applied to calculate the asymptotic value of jpe, and the Isgur-Wise form factor. In Sect. 2.1, we rewrite the standard Laplace sum rule for jp in a form which is suitable for a l/mQ expansion. We then present, in Sect. 2.2, a rederivation of the asymptotic form of this sum rule (valid for infinitely heavy mesons) by using the effective field theory formalism of Georgi [7] . One advantage of this second approach is that the sum rule in the effective theory only depends on low energy parameters, which are independent of the heavy quark mass. These parameters are I ---a priori not known in the standard approach. The most important advantage of the effective theory is, however, that a renormalization group improvement can be performed by summing the large logarithms (crs ln mQ)n and os (cys ln mQ)n to all orders in perturbation theory. In particular, the scale ambiguity associated with the leading QCD correction is resolved. The QCD sum rules proposed by Shifman, Vainshtein, and Zakharov (SVZ) [15] ;%ave proved to be a powerful phenomenological tool in the study of low energy parameters of hadrons, like their masses or couplings to currents. The idea is that hadronic properties may be studied in a self-consistent way by equating an integral over a physical spectral function to an approximation of the operator product expansion of the time-ordered product of two (or more) local currents.
QCD sum rules for the pseudo scalar decay constant jp have been first considered in Refs. 20 and 23. One studies the two-current correlator -I15(q2) = i J d4x eiq" (0 I 7v5w7
IO > w with A5 = imQ 'us& = dp(?j7P7sQ) being the divergence of the axial vector current in the limit where the light quark is massless (m, = 0). Since this current is partially conserved, II5( q2) is a renormalization-group invariant quantity.
According to the philosophy of SVZ, the correlator is evaluated in two ways.
In the euclidean region q2 << 0, it can be calculated perturbatively because of asymptotic freedom of &CD. Short distance effects are taken care off by Wilson coefficients, while long distance confinement effects are included as power corrections and are parametrized in terms of vacuum expectation values of local operators, the so-called condensates [15] . Hence
On the other hand, the correlator can be expressed as an dispersion integral over a physical spectral function, which gets contributions from the ground state meson P as well as from higher resonances. corrections to the infinite quark mass limit is provided by the so-called heavyquark effective theory developed by Georgi [7] . The basic observation is that as mQ + co, the velocity v of a heavy quark becomes a conserved quantity with respect to soft processes. It is then possible to remove the mass-dependent piece I *of the momentum operator by the velocity-dependent field redefinition
where P is the total momentum of the heavy quark, mQ is its physical pole mass, and .k denotes the residual "off-shell" momentum which is typically of order AQCD. where the index i labels operators of the same canonical dimension, and we have explicitly written down the two lowest-dimensional operators.
The symbol "E" means that (2.14) is an equality for matrix elements only. In the full theory, matrix elements of the axial vector current depend on the mass of the heavy quark, but I are independent of the renormalization scale since the anomalous dimension of A, vanishes. Matrix elements of operators in the effective theory, on the other hand, are independent of the heavy quark mass. All reference to mQ is either in form of powers of l/mQ that multiply the higher-dimensional operators ,a!'"), or in the short-distance coefficients Di (n). These functions appear since the properties of the effective theory under renormalization differ from QCD. In particular, the effective current operators have non-zero anomalous dimensions, such that matrix elements I *-.
depend on the renormalization scale ~1. From the fact that the scale-dependence of matrix elements must exactly cancel against that of the short-distance coefficients, .
one can derive the renormalization group equation for the functions Di (n). In order to solve this equation to first order in the physical coupling as(mQ), one needs the two-loop anomalous dimensions of the current operators in the effective theory. For the lowest-dimensional operators in (2.14) th e anomalous dimension is the same. It has recently been calculated in Refs. 11 and 12. For our purpose, we only need the sum. of the coefficients D1 and D2, the complete next-to-leading order expression for which is [43] where S is a scheme-dependent constant. In the MS subtraction scheme, SE = 2/3.
The constant Znr is scheme-independent and reads Since fp is a physical quantity, the right-hand side of this equation must be independent of the subtraction scale and of the renormalization scheme adopted for the calculation of CF. It is thus convenient to define the p-independent short-distance coefficient cF( mQ) and the renormalized constant F,,, by such that
(2.20) ww (2.26) where the factorization approximation has been used to reduce the four-quark condensates to (,q)2 [15] . N t o e, in particular, the vanishing of I'r"' resulting from the explicit calculation of the diagrams shown in Fig. lc . This is in accordance with the fact that the contribution of the gluon condensate in (2.7) is associated with a factor l/mQ instead of l/T.
Concerning the calculation of the pole contribution to the phenomenological side of the sum rule, we note that according to (2.12) the total external momentum -in (2.24) is P = mQw + k, such that the propagator of the heavy meson becomes
with x as defined in (2.6). The hadronic matrix elements in the effective theory are readily evaluated using (2.17). Approximating higher resonance contributions by the perturbative continuum above a "threshold energy 7, wc, which is the analog of the continuum threshold sc, the phenomenological expression for the spectral function becomes We observe that the sum rule in the effective theory precisely corresponds to the leading term in the l/mQ expansion of (2 .7), showing that the parameters T,wc, and i introduced in (2.6) are in fact properly chosen low energy parameters. The only difference is the replacement of the heavy quark mass mQ by the subtraction scale ,CL and the appearance of the scheme-dependent terms proportional to S. These terms cancel if one computes the renormalized quantity F,2,,.
With the help of (2.20), one can readily perform the renormalization group improvement of (2.29). The logarithmic dependence on p can be summed to all orders to produce a factor (yS ' H-9 -dm a,T) -For the quark condensate this is already known from (2.10). Th e next-to-leading order corrections split into a contribution a*(z,, t 6) and a p-independent correction. For this latter, the running coupling is to be evaluated at a characteristic low energy scale of the effective theory.
We choose i for this scale, since it provides a measure of the average off-shell energy w of the heavy quark in the meson. An alternative choice would be the Bore1 parameter T. The differences are formally of order o?j and hence beyond the accuracy of the present calculation. Because of the size of the order-as correction, the numerical results are not insensitive to this choice, however. We shall comment on this below.
*' '-Putting everything together, we obtain the following renormalization-group improved sum rule for the renormalized parameter F,2,, defined in (2.20)
where we have used that the number of light quark flavours in the effective low energy theory is nf = 3. In This effect, which is formally of order oz, is so significant that it changes the continuum threshold providing best stability from wc N 2.3 GeV to wc N 3.0 GeV (for i = 1.25 GeV). A s a consequence, the result for Fren increases by almost 20%. This is in conflict with the SVZ philosophy that the stability of the sum rule should result from a balance between its perturbative and nonperturbative parts.
..-In order to avoid this effect, we evaluate the next-to-leading order corrections at the fixed scale i. where SE = 2/3 accounts for the matching between QCD and the effective theory ._-for heavy quarks, while 61att provides the matching between the effective theory in the continuum and on the lattice. For Wilson fermions (with r = l), the value of this constant is Slatt N 4.38 [45, 46] The leading corrections not taken into account are of order 0': Or $(ashmQ)2, neither one of which becomes large as mQ -+ co.
I
In Table 1 , we investigate the mg-dependence of G(~Q) and related quantities for i = 1 GeV and 1.25 GeV. Shown are the values providing best stability only. The optimal value of wC is found to slightly increase as the heavy quark mass becomes smaller. This effect stabilizes the mass-dependence of G(vLQ). As a consequence, we find a moderate mass-dependence of this function even in the region of the charm quark. Typically, G(mb) and G(m,) are 5-10% and 15-20% smaller than the asymptotic value G(oo) = F,,,, respectively. The l/m~ corrections being '2 the naively expected order of magnitude (-RQCD/~Q), we conclude that the heavy quark expansion works well for the quantity G(~Q). The situation changes if one considers the quantity (z)3'2G(mQ), which up to the short-distance correction determines the size of fpfi.
The additional mass ratio amounts to a further suppression of f~ by -15% and fD by -40%.
Therefore, the decay constants themselves are subject to very large finite-mass corrections. It is important to remember, however, that the explicit appearance of quark masses is a specific feature of the pseudo scalar decay constants. Such an effect does not occur, e.g., in the case of heavy quark transition form factors. The fact that the decay constants are subject to very large scaling violations should "*therefore not be considered as an indication of a general failure of the heavy quark expansion for the case of the charm quark. . . * _ L limit mb, m, + oo all these form factors become proportional to a single universal function t(w . v') [6] . Th is so-called Isgur-Wise form factor is independent of the masses of the heavy quarks. It only depends on the velocity-transfer and is normalized at zero recoil.
The relations among form factors that the heavy quark symmetries generate can again be most concisely worked out by using the trace formalism already discussed in Sect. 2.2. In the effective theory, the matrix element describing the I --transition of a heavy meson PI with velocity v to a heavy meson P2 with velocity w' is given by [29] (P2(~')1 The effective heavy quark current in (3.1) is related to the corresponding current G2 I'Qr of the full theory by an expansion similar to (2.14) . In this case, however, the associated short-distance coefficients C; are not only functions of the two heavy quark masses and the renormalization scale, but also of the velocitytransfer [29] . Th ese coefficients have recently been calculated in next-to-leading order of renormalization-group improved perturbation theory [43] . As in (2.20), they can be factorized into scale-independent functions ki(mQ, ,rn~~, v . 2)') and a p;dependent f ac t or, which is independent of the heavy quark masses and precisely .. The renormalized form factor is an observable, universal function of &CD, which contains all long distance dynamics active in the hadronic transition.
--'--The. l/m~ corrections in (3.3) can be systematically classified using the effective field theory approach [48, 49, 35] . In particular, Luke has shown that there are no leading l/m~ corrections to (3.3) at zero recoil [48] . This is very different from the case of the meson decay constants, where no such restriction holds.
As a consequence, the ~/K-IQ corrections to b + c transitions are expected to be small for basically all values of v . V' that are kinematically accessible. This is indeed confirmed by model estimates [35] , and the heavy quark symmetries have proved to be a useful tool in the theoretical description of weak decays of heavy mesons [31, 34, 36] . ; --
LAPLACE SUM RULE FOR THE ISGUR-WISE FUNCTION
In order to calculate the universal function tren(u . v') using QCD sum rules, we study the following correlator of currents in the effective theory Setting again y = 2) . V', the spectral density is given by [36, 38] ..-. The diagram involving the quark condensate is shown in Fig. 3b . In contrast to the sum rule for the decay constant fp, we also find a non-vanishing contribution from the gluon condensate. It arises from the diagram depicted in Fig. 3c (in coordinate gauge) and is proportional to the parameter integral -(qq) l-C2y+l) { 3 g}+(;;f;) (2) * (3.14)
Let us evaluate this equation in the zero recoil limit y = V. w' t 1. Because of the normalization of the Isgur-Wise function, it then becomes a sum rule for F2(p) which must agree with that derived in Sect. 2.2. As y -+ 1, the O-function in the -dispersion integral reduces to dm (Z + z') S( z -z'), and it is readily seen that, apart from QCD corrections, one indeed recovers (2.29) . This is a consequence of a Ward identity that relates the three-point function E to the derivative of the two-point correlator r5 [50] . It was for this reason that we introduced the factor 2 in (3.13). Th e empirical observation that the Bore1 parameter of a three-point sum rule should be chosen approximately twice as large as that of the corresponding two-point sum rule has been first made in Ref. 51 . In the infinite quark mass limit and for v . V' = 1, this relation becomes exact.
It is clear from the above discussion that if one divides the sum rule (3.14) by (2.29), one obtains an expression for the Isgur-Wise function which explicitly obeys the normalization condition t( 1, II) = 1, independent of the value of T. The resulting equation is furthermore independent of x and F2(~). This is welcome since the variation of the decay constants with 12 was rather strong (see Table l ), and F2(p) was associated with the factor (z)3, which induced large l/m~ corrections. In addition, we shall see in the following section that also the uncomfortably large Before proceeding, however, it is necessary to modify the sum rule (3.14) in two respects. The first one concerns the simulation of higher resonance contributions.
The integration domain for the dispersion integral is the "kite-like" area shown in Fig. 4 . The separation between the pole and the continuum contribution appears to be rather crude and to a large extent arbitrary. Performing the integral over I *-the region specified in (3.14), one can shown that the derivative of the Isgur-Wise form factor with respect to V. w' diverges at zero recoil, a result which is certainly unphysical. One should, therefore, change the integration domain. To this end, it is convenient to introduce new variables 2 = (z + 2')/2 and q = z -z' and integrate over a symmetric triangle (see Fig. 4 ), such that the q-integration becomes trivial.
Instead of the double integral in (3.14), we then obtain yields to a significant uncertainty of the sum rule prediction for the universal form factor, as will be discussed in Sect. 3.3 below. Facing the lack of information on the structure of higher resonance contributions to the spectral function E:, this uncertainty is unavoidable.
A second modification is required to improve the large-recoil behaviour of the sum rule (3.14). The damping length X is chosen to be consistent with the short-distance expansion In contrast to the old result, the contribution of the non-local condensate becomes exponentially small at large recoil. Comparison with (3.14) shows that part of the contribution of the mixed condensate is taken into account by (3.19) . In the following, we shall assume that all nonperturbative contributions have the same exponential damping factor at large values of y. It must be noted that for physical ..-values of y = 2, . v' relevant for B + DC*) d ecays, the numerical effect of the exponentiation is less than 3%.
. Putting everything together, we obtain the following expression for the universal form factor [36, 38] < (326) where (3.27) is essentially the difference of the QCD corrections to the dispersion integral and to the quark condensate, and we have introduced the new function F(z)=jdrr'e-"{I-*Inr).
(3.28)
Our final result (3.26) for th e universal form factor has an appealing structure.
The normalization condition [ren(l) = 1 is explicitly fulfilled. In contrast to the sum rule for the decay constant fp discussed in Sect. 2.2, the large QCD corrections to the perturbative contribution cancel in the ratio, since they are y-independent.
The only remnant of this correction is the QCD factror qQkD N 0.6, which leads to a significant suppression of the nonperturbative contributions. This is still a large correction, but it only affects the small power corrections to the leading perturbative contribution, which therefore determines the shape of the universal form factor. The corresponding y-dependence is approximately of the form (&) 2, ..-correspdnding to a double pole at q2 = (mb + m,)2. Corrections to a pure pole behaviour arise, however, from the function a(y).
As mentioned previously, the final result for the heavy quark form factor would be unaffected from mass factors of the type 2 even if l/mQ corrections were included. In the framework of QCD sum rules, we therefore do not expect these corrections to be unusually large. This is very different from the situation encountered for fp.
For the numerical evaluation of (3.26), we vary the continuum threshold wc between 1.9 and 2.5 GeV, and the Bore1 parameter T between 1.0 and 2. . We consider the band obtained using aa as a reasonable estimate, whereas the results obtained using a,;,(y) and omaz should be regarded as very conservative lower and upper limits, respectively.
Also shown in Fig. 5 are "data" for the universal form factor tren(v * v') that have been extracted from an experimental measurement of the differential branching ratio for the semileptonic decay B" --+ D*+e~p by the CLEO and AR-GUS collaboration [55] , accounting for the leading QCD and l/mQ corrections to the infinite quark mass limit [34] . Th e normalization of the data corresponds to ]-cc; I rgb = 0.044 x 1.18 ps. It is seen that the sum rule result obtained using go(y) nicely compares to the data. Defining the slope parameter e by tk,,( 1) = -p2, we obtain the prediction Q~.~. = 1.13 f 0.11. This is in accordance with previous estimates of this parameter like e = 1. 20 Isgur-Wise form factor, which describes current matrix elements between two heavy mesons in the infinite quark mass limit.
In the case of fp, the renormalization group improvement turns out to be most important and resolves the discrepancy between previous sum rule and lattice calculations. Against naive expectation, the large radiative correction to the correlator of two axial currents has to be evaluated at a low energy scale rather The quoted value for fB refers to rnb = 4.67 f 0.10 GeV.
The sum rule for the renormalized Isgur-Wise form factor &.,, (u VU') is obtained from the study of a three-current correlation function in the effective theory. At zero recoil, a Ward identity relates this function to the two-current correlator from which one derives the sum rule for fp. As a consequence, the Isgur-Wise function can be expressed a the ratio of two sum rules in such a way that its normalization at zero recoil is explicitly obeyed. This ratio is independent of the parameter i and, after renormalization group improvement, is not affected by uncomfortably large QCD corrections. The main uncertainty arises from the way in which higher resonance contributions to the perturbative part of the sum rule are approximated.
We have given a prescription that ensures a finite slope of the universal form factor at zero recoil, and discussed conservative lower and upper limits for tren(u . 21').
Our final result compares nicely to data on the form factor extracted from the differential decay rate for B -+ D*l~l decays.
APPENDIX
The Feynman rules of the heavy quark effective theory can be readily obtained from the effective Lagrangian derived by Georgi [7] . The momentum of the heavy quark is split into an on-shell and an off-shell piece, P = mQv + k, where Ic acts as an infrared cutoff and is of order AQCD. In momentum space, the propagator &l of the heavy quark is then given by & 2 . The heavy quark-gluon coupling is 
